MTH 254 Final Review Key

Damien Adams

1. Evaluate the limit.
e® + In(y — 1) cos(may)

lim
(z,9)—(2,2) 2y + xy

Solution: This function is continuous on its domain, so let’s try evaluating at (2, 2).

lim e® + In(y — 1) cos(mzy) _ e? +1n(2 — 1) cos(m(2)(2))

(2.9)—(2,2) Y/2y3 + vy V2223 + (2)(2)
~e? +1In(1) cos(4m)
R
_e+(0)(1)
2+4

e2

6

2. Suppose f is a differentiable function of two variables.
(a) Explain as specifically as possible what f,(a,b) =1 means.
(b) Explain as specifically as possible what f,(1,1) = —3 means.
(c) Explain as specifically as possible what D; f(a,b) = 2 means.
)

)
(d) Explain as specifically as possible what Dy f(1,1) = —3 means. For this to be well-defined, what
property must u have?

Solution:

(a) fy(a,b) represents the instantaneous change of f in the y-direction at the point (a,b). Since
fy(a,b) =1, this means that as we move from (a,b) in the positive y direction, we anticipate a
gain of 1 unit of z as we move 1 unit in the y-direction.

(b) fz(1,1) = —3 means that the slope on the surface z = f(z,y) at (1,1) is —1 while looking in
the positive x direction.

(¢) Dif(a,b) represents the instantaneous change of f at (a,b) in the direction of i (the positive x
direction).

(d) Duf(1,1) = —3 means that if I were to stand at the point (1,1, f(1,1)) and look in the direction
of u, I would see a slope that falls downward —3 as I move 1 in the direction of u. For this to
be well-defined, u must be a unit vector.




3. Below are some statements. Determine if the statement is True or False. If the statement is True, you
need only write “True” and do not need to provide a justification. If the statement is False, write “False”
and justify your answer as specifically as possible.

(a) Suppose f is a differentiable two-variable function. Then D;f(z,y) = fz(z,y).
o f y
0xdydz 'Y
(c) Suppose f is a differentiable two-variable function. Then (a,b) € R?, f,,(a,b) = fy.(a,b).

(d) For all (a,b) in the domain of a two-variable function f, ( %Hn( ) flz,y) = f(a,b).
T,y —(a,

2 6 6 2
(e) / / z?sin(z — ) de dy = / / z?sin(z — y) dy d.
-1Jo 0o J-1

Solution:
(a) True.

(b) Suppose f is a differentiable three-variable function. Then

(b) False. The order of differentiation is different for each expression.
(c) False. This is only true when f has continuous second-order partial derivatives.
(d) False. This is only true if f is continuous at (a,b).

)

(e) True.

4. Let z = f(x,y), where f(z,y) =1+ z +y? — sin(xy) + In(z* + y?), and let S be the surfaced produced
by that equation.

(a) Find fg..
(b) Find foy.
(c) Find fyya-
(d) Find the linear approximation to S at the point (1,0, 2).

Solution:
(a) Now

5"
8
I

~
o o

<
N

(8:5(1 + 2+ % —sin(zy) + In(z* + y2)))
o+ )

Tt +y
1222 (2* + y?) — 1625
(.1‘4 _|_y2)2

Flo Flo e

=2 cos(zy) +

1610)
<§(1 a4y —sin(zy) + In(zt +y )))

<1 —ycos(zy) + 43:3)

x4t + 42

(b) Now

Py
<
I

gle Flo &l

8x3y

= —cos(zy) + zysin(zy) — s
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o (0 (0
Twe = 52\ 3y (6@/“)»
- 8% 8% <(§Z(1+x+y2 —sin(xy)+1n(x4+y2))>>

(V)

24 x

2z + y?) — dy?
Sin(xyH(xﬂf)y)

(x4 1 2)?
2zt — 292 )

9 4 22 i e
+ z” sin(xy) + @+ 2)?

(
9 <8 2
-2 an <2y — x cos(zy) + x4+y2>>
(

825 (! + y*)? — 823 (22" — 2¢%) (' + ¢?)

= 2xsin(zy) + 2%y cos(zy) + (2% + y2)*

823 (2% + y?) — 82°(22* — 2y?)
(334 + y2)3
—8x7 + 24x3y2

= 2z sin(zy) + .172y cos(zy) +
= 2z sin(xy) 4 22y cos(zy) +

(d) The linear approximation to S at (1,0,2) is

L(xay) = f(l,O) + fw(l,O)(Z‘ - 1) + fy(lvo)(y - O)

Then

FL0) =2
43
) =1 - eosto) +
oy
fz(1,0) =1 — 0cos(0) + Wi+ (07
=5
fula) =2 = weos(ay) + Vg
2(0)

fy(1,0) =2(0) — (1) cos(0) +
=1
It follows that the linear approximation L(z,y) =2+5(z —1) —y =5z —y — 3.
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5. Find the linear equation of the plane tangent to the surface whose equation is z = e® cosy at (0,0, 1).

Solution: An equation for the plane tangent to the surface whose equation is z = f(z,y) at (a, b, ¢)
is

fa(a,b)(z —a) + fy(a,0)(y =b) = (= ¢) = 0
Solving for z yields the linear equation, which is

z = f(a,b) +fm(a>b)<x_ a) +fy(a7b)(y —b)

It follows that
=e” cosy

fa(2,y)

f2(0,0) = ecos0 =1
£,(0,0) = —€sin0 =0

Then the linear equation fort he tangent plane is z =1+ 1(z —0) + 0(y — 0), so z = 1 + «.

6. Find the symmetric equations for the normal line to the surface sin(axyz) = = + 2y + 3z at the point

(2,—1,0).

Solution: The symmetric equations for a line are =% = #3# = 2=20 where (a,b,c) is the
direction vector of the line. We find the direction vector by moving all terms to one side and finding
the gradient. That is,

flx,y,2) = —sin(zyz) + =+ 2y + 32
Vi(z,y,2z) = (—yzcos(zyz) + 1, —xz cos(zyz) + 2, —zy cos(zyz) + 3)

=(1,2,5)
Thus, the symmetric equations are “JT_Q = %1 = zgo’ or
y+1 =z
r—1="—==-
2

V£(2,-1,0) = (=(=1)(0) cos((2)(=1)(0)) + 1, =(2)(0) cos((2)(=1)(0)) + 2, =(2)(—1) cos((2)(~1)(0))

- 3)

7. If sin(zyz) = x + 2y + 3z, find ?
Y

Solution: To find g—z, we differentiate both sides with respect to y, treating x as a function of y.

That is,
0 0 0 0
. _ 5
S Ginez)) = 2 (@) + 5 (20)+ 5 (32
5] ox
“ _ 9
cos(acyz)ay (xyz) oy +240

9 0
cos(zyz) ((;;yz +x(1)z + xy(0)> =% +2

@cos(m z) + zy cos(xyz) = 0z +2

@(cos(acyz) —1) =2 — zycos(zyz)
dy
dr 2 —xycos(zyz)

Ay cos(xyz) — 1
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du

8. Let u = 2%y + 2, with 2 = p + 3p?, y = peP, and z = psinp. Find e
P

Solution: We notice that u is a function of x,y, and z, while z,y, and z are each functions of p.

So then by the Chain Rule,
du_oude | dudy | dud:

Ip_%dp Oydp Ozdp

Let’s compute each piece.
u = x2y3 + 24

) = (@ + 21
% = 229>
S0 = 5 (a4 24
% — 3522
S w) = ooy + 2
0z 0z
% =473
r=p+ 3p?
Z—; =1+4+6p
y = pe”
d—z = eP + pe?
z =psinp

dz .
— =sSIp -+ pcosp
dp

It follows that
ou_ouds oudy  0udz
Op Oxdp Oydp 0zdp
= (22y°)(p + 3p?) + (3x2y?)(e? + peP) + (42°)(sin p + pcos p)
= (2(p + 3p*)(pe?)*) (p + 3p%) + (3(p + 3p*)*(pe”)?) (¢” + pe?) + (4(psinp)®)(sinp + p cos p)
= 45¢3PpT + 57e3PpS + 23¢3Pp° + 3¢3Pp* + 4p* sin® pcos p + 4p® sin p
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0
9. Let v = 2%siny + ye™, with z = s + 2¢, and y = st. Find a—v when s =0 and t = 1.
S

v OJvdxr Ovdy ,
= — + — . Let’s compute.

Solution: By the Chain Rule, ds  0xrds  Oyds

v =2%siny + ye*y

0 0 . p
(1) = o (asiny + ye)
% = 2rsiny 4 y2e™?

13} 0
a—y(v) = 8—y(a:2 siny + ye™)

Z—Z = 2” cosy + €™ + zye™?
T=s+2
%(:c) = %(5+2t)
o
y = st
)= 2 ist)
&

v _ o005 000y
0s Oxds 0Oy 0s
= (2zsiny + y?e™) (1) + (2% cosy + ™Y + zye™)(2)
= 2zsiny + y2e™ + 222 cosy + 2™V + 2zye®?
= 2(s 4 2t) sin(st) + (st)2eT20EY 4 2 (s 4+ 21)2 cos(st) 4 202050
+ 2(s + 2t)(st)els+2(H
v

s = 2((0) + 2(1)) sin((0)(1)) + ((0))?e O F2MUNW) 1 9((0) + 2(1))* cos((0)(1))
S ls=0,t=1

+ 2((0+2(1)((0)(1) 2((0) + 2(1))((0)(1))6((0)+2(1))((0)(1))
=10
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10. Let F(z,y,2) = x2eyz2, S be the level surface whose equation is F(z,y, z) = 4, and let P be the point
(2,0,4) on S.

(a) Find VF.
(b) Find a vector pointing in the direction for which D, F(2,0,4) maximal.
(¢) Find the maximal value of Dy F'(2,0,4).
(d) Find an equation for the tangent plane to S at P.
)

(e) Find a vector equation for the normal line to S at P.

Solution:

(a) VF = (F,, Fy, F.) = <2xeyz2,m2z2eyzz,2x2yzeyzz>.

(b) The directional derivative Dy F'(2,0,4) has a maximum value of |VF(2,0,4)|, and this occurs
when u is parallel to (2,0,4). Thus, D, F(2,0,4) is maximal in the direction of (2,0,4).

(¢) The maximal value of Dy F'(2,0,4) is

[VE(2,0,4)] = [(2(2)e@ @, (2)2(4)2 007, 2(2)2(0)(4)e @ D"
= [{4,64,0),
= V4112 = 4257

(d) An equation for the tangent plane to S at P is a(z — xzg) + b(y — yo) + ¢(z — z0) = 0, where
(0, Y0, 20) = 07, and (a,b,c) = VF(P). Then

a(x —xo) + by —yo) + ¢z — 2) =0
Az —2) + 64y — 0) +0(z —4) = 0
4z — 8464y =0

dr 4+ 64y —8 =0

(e) The normal line to S at P is the line through the normal vector to the tangent plane to S at
P. The normal vector for the tangent plane is n = VF(2,0,4) = (4,64,0). Thus, the vector
equation for the normal line to S at P is

n-(r—rg)=0
(4,64,0) - (x —2,y,2—4) =0
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11. Let f(x,y) = 32y — 2%y — 2y%. Find the local extrema and saddle points of f. Show all of your work to
justify your conclusion.

Solution: To find the extrema and the saddle points, we can use the second derivative test and the
discriminant. Recall that D = foq fyy — gy
To use the second derivative test, we begin by finding the critical points of f — this is where f, =0
and f, = 0 (or where either of these is undefined). We compute

fo =3y — 2xy — ¢
fy:3x—m2—2xy

0=/fe
=3y — 2zy — ¢
2y = 3y — ¢

We can solve this for x, but that requires dividing by y. We may only divide by y if y # 0. We now
have two cases, one where y # 0, and one where y = 0.

If y # 0, then

0=Ff,

3—vy 3—vy 2 3—vy
o=3(57) - (57) 2 (550
9—-3y 9—6y+y>
2 4
0=18 — 6y — 9+ 6y — 3> — 12y + 4y*
0=09—12y+ 3y°

0=3(y—1)(y—3)
y=1,3

0=

—3y+y°

When we evaluate x = 37??/ when y = 1,3, we get the critical points (1,1) and (0, 3).
Now, if y = 0, then

0=fy
=3z — 2% — 2x(0)
=z(3—2x)
x=0,3

So we have two more critical points of (0,0) and (3,0).

We now find the discriminant at each of our critical points.

fo =3y = 2xy — ¢
fy=3x—x2—2acy

faﬁx = -2y
foy =3 — 22— 2y
fyy = =22
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D = (~29)(~2x) — (3 — 22 — 2y)°
= 42 — 4oy — 4y® + 122 + 12y — 9

D(1,1) = —4(1)* — 4(1)(1) — 4(1)* + 12(1) + 12(1) — 9

=3

D(0,3) = —4(0)% — 4(0)(3) — 4(3)% 4 12(0) + 12(3) — 9
=-9

D(0,0) = —4(0)% — 4(0)(0) — 4(0)? + 12(0) + 12(0) — 9
=9

D(3,0) = —4(3)% — 4(3)(0) — 4(0)® + 12(3) + 12(0) — 9
=9

Since the discriminant at each of (0,3), (0,0), (3,0) is negative, each of these correspond to saddle
points.

As for (1,1), we now need to compute f,.(1,1). If this is positive, we will have a local minimum.
If this is negative, we will have a local maximum. Since f,.(1,1) = —2(1) = —2, we have a local
maximum at (1, 1).

Lastly, we need the z-values for each of these points.

fz,y) = 3ay — 2%y — y?

£(0,3) = 3(0)(3) — (0)*(3) — (0)(3)> =0
£(0,0) = 3(0)(0) — (0)*(0) — (0)(0)> =0
£(3,0) =3(3)(0) — (3)*(0) — (3)(0)> =0
FL1) =3(1)(1) - (1)*(1) - (1)(1)* =1

It follows that f has saddle points at (0, 3,0), (0,0,0),(3,0,0). Moreover, f has a local maximum
at (1,1,1).
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12. Use Lagrange multipliers to find the absolute extrema of f(z,y)

R (22 + 2y?) subject to the
constraint 2 + y? = 4.

Solution: To find the absolute extrema of f subject to z2 + y? = 4 using Lagrange multipliers, we
first need to find Vf and Vg, where g(z,y) = 2% + y2. Then,
fo= —2ge~ Y (2% +29°) + 2ze V"
= er_xz_yz(l — 2% - 2y?)
fy==29e™" 7V (@ + 27) + dye ™ Y
= 2ye~ "V (2 — 2% — 2¢%)
Jo = 22
9y =2y

Thus, our system of equations is

Qme_mz_yz(l — 2% —2y%) = \2x
2ye*$2*y2 (2 — 2% —2y%) = \2y
.’L'Q + y2 — 4

Solving the first equation, we can move everything to one side to get

0= 21‘67:627742(1 — a2 —2y%) — \2x
= 2x(e‘w2_y2(1 — 2 - 2y2) —-A)

By the zero-product principle, either 2z = 0 (so z = 0), or e_’cz_yz(l — 22 —-2y%) - A =0.
Similarly for the second equation, we can solve to get y = 0 or e~y (2—-2%2—-2y%) -1 =0.
Now, if e“”Q_yQ(l — 22 -2 —A=0and e V(2 2% — 2y%) — X = 0, then we can solve both
of these for A\, and set them equal to each other.

A=e @Y (1— 2% —2y%)

A=e oY (2 — 2% — 2%)

e_xQ_yQ(l —2? -2 =" v (2 — 22 — 2%

2 =92 2% -2
1=2

1—22—2y

This indicates that we have no solutions when x # 0 or y # 0.

Notice, when « = 0, y = £2 from the constraint. Similarly, when y = 0, x = +2. This gives us four
points to check: (—2,0),(2,0), (0,—2),(0,2). In the system, each point will produce a given A value
that will solve the system, so we can check these to give us our maximum and minimum values.

F(=2,0) = e DO (-2)2 4 2(0)?) = 4e
F2,0) =@ O (22 4. 2(0)7)  =4e?
F(0,-2) = " @ 2%(0)2 1 2(-2)?) =8¢
F(0,2) =@ =% 0)2 +2(2)%)  =se !

So we have a maximum of 8¢~* and a minimum of 4e—*
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13. Find the absolute extrema of f(z,y) = e~ ¥ (22 + 2y%) on Z = {(z,y) € R? | % + y% < 4}.

Solution: Our strategy will be to find the critical points of f on the interior of 2 (when f, =0
and f, = 0), evaluate f at each of those critical points, then find the critical points on the boundary
of 7, and evaluate f at those points.

Let’s find both f, and f,.

fo= —2pe® Y’ (% +29°) + 2ze= Y
= 2xe_“52_y2(1 — 2% —2y?)

fy=—2ye™™ 7V (2% + 2%) + dye ™ Y
= 21/673”2*”2 (2 — 2% — 2¢%)

We will now set f, = 0 to find conditions that we will use when solving f, = 0.

0=fa
= 2I67127y2(1 — % — 2%

This occurs when

2z =0 or e~ Y = or 1—2%2 -2 =0

Now, e v = provides no solutions. If 2z = 0, then x = 0. This will be our first case condition.

The other case condition will occur when 1 — 22 — 2y% = 0.

1. Suppose x = 0. Then

0=fy
= 2ye_y2 (2- (O)2 — 22
=2ye™"" (2 - 24%)

Then 2y = 0, eV = 0, or 2 —2y% = 0.

If 2y = 0, then y = 0. Since this is conditional upon x = 0, we have our first critical point at
(0,0).

Ife ¥ = 0, then there are no solutions.

If 2 — 2y? = 0, then y? = 1, so y = +1. This gives us two more critical points at (0, —1) and
(0,1).

2. If 1 — 22 — 2y? = 0, then
0=/,
= 2ye " TV (141 — 2% — 22
= 2ye" "V (14 (0))

= 2(7;6_””2_7’2

Then 2y =0 or e’ v’ = .

If 2y = 0, then y = 0. Since this is conditional upon 1 — 22 — 2y% = 0, then 1 — 22 —2(0)%2 = 0,
or 1 = z2. This means = 1. We then have two more critical points at (—1,0) and (1,0).

If e=@"—v" = 0, then there are no solutions.
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We have five critical points of (—1,0),(1,0),(0,0),(0,—1), and (0,1). Evaluating each of these
points, we have

FO,00=0  F(=1,00= f(1,0)=e™" f(0,~1) = £(0,1) = 2"
Thisi means that the minimum of all of the points inside the boundary is 0, and the maximum is
2e7 .
We now move to the boundary, 22 4+ y? = 4. Then
e—mz—yz(xQ + 2y2) _ e—(12+y2)(x2 +y2 +y2)
=e(4+y?)
If we call g(y) = e~*(4 +?), then we want to find the critical values of g. Note that ¢'(y) = 2e~4y.

It follows that if ¢/(y) = 0, then y = 0. Since this is conditional upon 22 + % = 4, 22 + (0)% = 4, so
x = £2. This gives us two critical points on the boundary: (2,0), and (—2,0).

Evaluating each of these, we have
f(_2a O) = f(270) = 86_4

Since 0 < 8¢™* < e~! < 2e71, the absolute maximum of f on & is 2¢~!, and the absolute minimum
is 0.
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14. Use a Riemann sum with m = 3 and n = 2 to estimate ff z?sin(z — y) dA where R = [—1,2] x [0, 6].
R

Take the sample points to be upper-right corners. Round your conclusion to the nearest thousandth.

Solution: We want to subdivide R into 6 rectangles, where Az = 22D — 1 and Ay =509 —3

3 2
Y
(1,6)
(0,6) (2,6)
(1,3)
(0,3) (2,3)

A

]V

To find our Riemann sum, we will evaluate f(x,y) = x?sin(x — y) at each of these six points,

multiply each by AxzAy, and find their sum. It follows that our Riemann sum is going to be

S = f(0,3) AzAy + f(1,3) AzAy + f (2,3) AzAy + f(0,6) AzAy + f (1,6) AxzAy+
f(2,6) AzAy
= AzAy(f(0,3) + f(1,3) + £(2,3) + f(0,6) + f(1,6) + f(2,6))
= (1)(3)((0)*sin(0 — 3) + (1)?sin(1 — 3) + (2)?sin(2 — 3) + (0)?sin(0 — 6)+
(1)%sin(1 — 6) + (2)?sin(2 — 6)
= 3(sin(—2) + 4sin(—1) + sin(—5) + 4sin(—4))
~ —0.867
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15. Find the exact value of ff x?sin(z — y) dA where R = [~1,2] x [0,6]. Then approximate this value to

the nearest thousandth.

Solution: We can turn our double integral into an iterated integral as such.

6 2
fj r?sin(z —y) dA = / / x?sin(x — y) dx dy
g 0o J-1

The order of integration given is to first integrate with respect to x, then with respect to y. This
interior integral will require integration by parts a few times. Using u = 22 and dv = sin(z — y) du,
we can integrate.

/xz sin(z — y) do = (- cos(x — y)) — /2$(7 cos(z —y)) dx
= —2%cos(x —y) + / 2z cos(z — y) dx
2 cos(z—y) + (2;5 sin(z —y) — / 2sin(z — y) dm)

= —z“cos(x — y) + 2z sin(x — y) + 2 cos(z — y)

This is the antiderivative of the integrand with respect to x. It follows that
6 2 6 i
/ / 2 sin(z — y) de dy = / [—2® cos(z — y) + 2zsin(z — y) + 2 cos(z — v)]._, dy
0o J-1 0
6

- / [(~(2)2 cos(2 — ) + 2(2) sin(2 — ) + 2cos(2 — y))—

(—(=1)?cos(—1 — y) 4+ 2(—1) sin(—1 — y) + 2 cos(—1 — y))] dy
6

= /0 (—2cos(2 —y) +4sin(2 —y) — cos(—1 —y) — 2sin(—1 — y)) dy

= [2sin(2 — y) +4cos(2 — y) +sin(—1 — y) + 2cos(—1 — y)]%;

= 2sin(—4) + 4 cos(—4) + sin(—7) 4+ 2 cos(—7) — 2sin(2) — 4 cos(2)—
sin(—1) — 2cos(—1)

~ —0.643
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16. Let V be the volume of the solid beneath the surface y + 2xe¥ — z = 0 and above the rectangle R =
[1,2] x [0, 2].

(a) Set up an integral that represents V.
(b) Find the exact value of V.

Solution: We may solve for z to obtain z = y + 2ze¥. An integral that represents V' is
jj(y + 2zeY) dA
R

To find the exact value of V', we can transform this into an iterated integral and integrate.
2 2
fj(y + 2zeY) dA = / / (y + 2z€Y) dy dx
g 1 Jo

21 y=2
:/ {y2+2xey] dx
L2 -

1

2

1

= / {2(2)2 + 2ze? — 5(0)2 —2ze"| dx
1

2
:/ (2 + 2%z — 2x) dx
1

= /2(2 + (2¢* — 2)7) dx

=2z + (¢’ — l)xQ]?

=2(2) + (2 — 1)(2)* —2(1) — (¢ — 1)(1)’
=2+3¢*-3

=32 -1
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17. Convert (1,—2,7) to cylindrical coordinates. Draw a three-dimensional coordinate system, and plot your
point. Round your values to the nearest hundredth.

Solution: To convert rectangular coordinates to cylindrical coordinates, we use

r? =%+ tand = 2 z=2z
x

In this case, 72 = 12 4 (=2)2, so 72 = 5, and we choose r = /5.
For 0, we notice that tanf = _TQ, so tanf = —2. Now, (1,—2,7) is in the direction of the fourth
quadrant on the xy-plane, which makes it appropriate to use the arctangent function. That is,

0 = arctan(—2).
Therefore, (1, —2,7) can be represented in cylindrical coordinates as

(\/5, arctan(—2), 7) ~ (2.236,—1.107,5)
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18. Convert (—3,—1,2) to spherical coordinates. Draw a three-dimensional coordinate system, and plot your

point. Round your values to the nearest hundredth.

Solution: To convert rectangular coordinates to spherical coordinates, we use

pPr=a? 4+ 22 T = psin pcos y = psinpsinf Z = pcosy

In this case, rho® = (=3)? + (—1)? + (2)?, so rho® = 14, and so p = V/14.
For ¢, we have z = pcos ¢, so 2 = v/14 cos . Thus, ¢ = arccos \/iﬁ ~ 1.007.

For 6, we have y = psin ¢sin 6, so

y = psinpsinf

2
—1=+14sin ——sinf
V14

-1
2
v 14 sin i
Because (—3,—1,2) is in the direction of the third quadrant in the xy-plane, the arcsine function
can be used to find a reference angle, but it will not produce 8 itself. It follows that

= sinf

1
0 = 7 + arcsin (—2> ~ 3.694
V14 sin i

Therefore, (—3,—1,2) can be represented in spherical coordinates as

> ~ (3.742,3.694, 1.007)

1 2
V14,7 + arcsin | ————— | , arccos —
( V14 sin \/Lﬁ V14
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19. Sketch the solid described by p < 1,0 < ¢ < &rand 0 < 0<m.

Solution: See https://www.desmos.com/3d/6cypbtszfq.

20. Evaluate fff siny dV, where F lies below the plane z = x and above the triangular region whose vertices

E
are (0,0,0), (7,0,0) and (0,7, 0).

Solution: In order to evaluate this integral, we must first understand E. We need inequalities for
x,y, and z.

First of all, let’s look at this triangular region whose vertices are (0,0,0), (7,0,0), and (0,7,0).
These points all lie on the zy-plane, so let’s graph this triangular region.

Y

Notice that the lines that describe this triangle are as below.

AN

Yy=m—x

< U

x=0

In this image, we can see that y is bounded below by y = 0 and above by y = 7 — x. Hence,
0 <y <7 —=z. Moreover, z is bounded on the left by £ = 0 and on the right by x = w. Thus,
0<z<m.

This leaves us with the bound for z. We know that E lies below the plane z = = and about this
triangular region which lives in the xy-plane. Another way to represent the xy-plane is z = 0.
Therefore, z is bounded above by z = x and below by z =0, so 0 < z < z. It follows that

0<zxz<m
E: 0<y<m—=z
0<z<zx
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We can now transform our triple integral into an iterated integral, remembering that the integral with
constant limits of integration must come last. We will then integrate (note that in our integration,
we use the trigonometric identity that cos(m — ) = — cos x).

fjj siny dV = / / / siny dy dz dx
% o Jo Jo
:/ / [~cosyly—5 " dz dx
o Jo

_ /0 i /0 "1 cos(m — 1) + cos(0)] d da

z/ /(cos:v—i—l)dzdx
o Jo

[zcosx + 2]2ZF dx

(rcosx 4+ —0cosz —0) dz

3

I
c\hc\

(x 4+ zcosz) drx

T

| =

22 4+ xsinz + cosx

0

7)% + () sin(7) 4 cos(m) — %(0)2 — (0) sin(0) — cos(0)

|
N =
—~ [\

™24+0-1-0-0-1

M‘:}[\jw\»—l
|
[\

Page 19




21. Evaluate jff Va2 +y?2+ 22 dV, where E is the solid above the cone z = /22 + y2 and between the
E

spheres 22 + y2 + 22 =1 and 22 + % + 22 = 4.

Solution: In order to evaluate this integral, we must first understand F.

Now, we are told that our solid lies between 22 + y2? + 22 = 1 and 22 + y? + 22 = 4. These equations
describe spheres centered at the origin of radii 1 and 2, so we can express these nicely in spherical
coordinates. That is, 1 < p < 2.

We are also told that FE is the solid above the cone z = y/x2 + y2. This quadric surface is produced
by the equation z? = x? + y2, which describes a Pythagorean relationship for a 45° — 45° — 90°
triangle. This means that 0 < ¢ < %.

Lastly, our shape F is obtained by revolving entirely around the z-axis, so 0 < 6 < 2. Thus,
1<p<2

FE: 0<60<2r
0<p<7

See https://www.desmos.com/3d/1xjkgsjotkl

When we convert a triple integral into spherical coordinates, we must use the conversion factor.
That is,

27 T 2
fjf\/x2+y2+z2 de/ / / p p*sing dp do df
I o Jo )1

27 T 2
= / / / p3sing dp dy df
o Jo Ji

Because our limits of integration are all constant, and because our integrand can be factored into
distinct functions of p, ¢, and 6, we can split the iterated integral into three separate definite

integrals.
27 % 2 2 % 27
/ / / p3singad,od<pd9:/ p3 dp/ sin ¢ dp / do
0 o J1 1 0 0

- |:ip4:|j [~ cosglg [60]5"

= (i(2)4 - i(l)‘l) (— cos% + cos 0) (27 —0)
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