LESSON 16

Double Integrals over Polar Regions
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LESSON 16. DOUBLE INTEGRALS OVER POLAR REGIONS

16.1 Introduction

Some regions are most easily described using polar coordinates. For example, a disk with
radius 2 in rectangular coordinates has the equation 2?2 + 3* < 4 and we cannot solve for z
or y as explicit functions of the other variable (we can write y = £+/4 — 22 but this is not
a function). On the other hand, in polar coordinates we can describe the disk of radius 2

simply as r < 2.

To further highlight this, the region in
the first quadrant and inside the spiral
r < 3 — 6 would need to be described as
Va2 +y? < 3 —tan!(y/x) if we wanted
to use rectangular coordinates. This re-
gion can be see in figure 16.1.1 to the
right.

So, if we wanted to find the volume under
the surface f(x,y) =  + y + 1 over the
region in the first quadrant and inside the
spiral r < 3 — 6, it is easiest to do so in
polar coordinates.

Figure 16.1.1: Region inside QI and the
Spiral r <3 — 40

View in Geogebra:
https://www.geogebra.org/3d/ppgdnrTj

Figure 16.1.2: Volume inside QI, the
Spiral r <3 —60, and under z = x +y+1
View in Geogebra:
https://www.geogebra.org/3d/ppgdnrTj
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16.2 Setting up a Double Integral Using Polar Coor-
dinates

To find volumes using polar coordinates we will use the double integral

/ﬁjf(r cos(0),rsin(0)) - r dr db

where 79 and 7y are bounds on the radius of the region we are integrating over and o and 3
are bounds on the angle,  over which we are integating. Note the extra r in the formula
before the dr df! Let’s look at an example of using this before proving that this will give
us the volume that we are looking for.

Example 16.2.1 Evaluate [| xy* dA where D is the region enclosed in the unit circle and
D

to the right of the y-axis, using polar coordinates.

Figure 16.2.1: Region inside the Unit
Circle with y > 0

View in Geogebra:
https://www.geogebra.org/3d/qqj3agwz

Figure 16.2.2: Volume inside the Unit
Circle with y > 0 and 0 < z < 292
View in Geogebra:
https://www.geogebra.org/3d/qqj3agwz
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Exercise 16.2.1 Evaluate [[ 1 — 2% — y* dA where D is the region inside the unit circle.
D

Figure 16.2.3: Volume inside
0<2z<1—a%—y?

View in Geogebra:
https://www.geogebra.org/3d /nuvn35js

16.3 Formulating the Polar Double Integral

Suppose we are looking for the volume between the xy-plane and a surface, z = f(x,y),
inside some region, D, described in polar coordinates with a < 6 < g and 79 < 7 < ry.
Let’s build up the double integral in polar coordinates by slicing the region we are finding
the volume over every Af# and every Ar, finding the area, A;; of these slices, multiplying
each area by a z;; = f(z;,y;)-value where (z;,y;) is in the slice whose volume we are trying
to find so that V;; = z;; - A;;. We see this in figure 16.3.1 below where the total volume
of the solid can be approximated by adding up the volumes of each of the prisms acquired
after slicing up the region we are finding the volume over.

L= DG = 1o )+ i) [2 = AGAYT

Figure 16.3.1: Volume via Slicing in Polar Coordinates
View in Geogebra: https://www.geogebra.org/3d /mpge2k8c
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Looking down on the region in the zy-plane from above we can see the slices every A# so that

the interval o < 6 < §is cut up into subintervals [a = 6y, 6], [01, 62, ..., [0;-1, 0;], ...

) [enfl ) en]

where n is the number of slices over the f-interval. We also see the slices every Ar so that
the interval ro < r < ry is cut up into subintervals [ro, 7], [11, 72, ..., [Tiz1, Til, ooy [Fon—1, T

where m is the number of slices over the r-interval.
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Figure 16.3.2: Slicing a Region in Polar Coordinates
View in Geogebra: https://www.geogebra.org/3d /mpge2k8c
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J / - ol R ABNG — v ) + 1) /2 = AOArT

Let’s highlight one of the slices to determine a formula for its area. In figure 16.3.3 below,

we can calculate that the area of the highlighted region, A, ; is approximately

A A
A~ 297'22 — 2(97'2-21
Af
= 7(7"1 —ric)(ri +ric1)
— ApAy . T
= AO0Ar -7;

e Af
where 7; = H# is the average of r; and r;,_;. The formula —7? gives the area of a sector

swept out by Af and can be remembered as a fraction of the area of a circle.

Al Al F .
g S0t B0z = B ) j2 = 8O, — )i+ ) /2= ABAR

Figure 16.3.3: Slicing a Region in Polar Coordinates
View in Geogebra: https://www.geogebra.org/graphing/qffh4fkb
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Now that we have the area of a slice, A; ; =~ AOAr -7;, we now have the volume of a prism
being
Vij & zij - Aij = f(xi, y;) - AOArT;.

By substituting z; = 7; cos(6;) and y; = 7;sin(6;) we can get this volume in terms of just r;
and 0, to be
Vi =~ f(75cos(0;), 7 sin(6;)) - 75 AOAT.

Finally, we can add all of the volumes of the prisms up, and then let the number of slices m
and n over the 6 and r-intervals respectively go to infinity to get our exact volume

B Ty
V= lim Zanf(ﬁcos(Qj),ﬁsin(Hj)) - ATAf = // f(rcos(0),rsin(0)) - r dr do.
,N—00 o — A

16.4 Volumes of Solids

Example 16.4.1 Find the volume of the solid that is enclosed by the hyperboloid
—2% —y? + 22 = 1 and the plane z = 2.

08
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Figure 16.4.1: Volume between
2~y + 22 =1and 2 =2

View in Geogebra:
https://www.geogebra.org/3d /g8wzcrdj

)
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Exercise 16.4.1 Find the volume of the solid that lies below f(x,y) = x + y? to the left of
the y-axis and between the circles 22 + 3% = 1 and 2% + y? = 4.

Figure 16.4.2: Volume below

f(z,y) = + y? to the left of the y-axis
and between the circles 2 + y% = 1 and
2+t =4

View in Geogebra:
https://www.geogebra.org/3d /jxxzrreg
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16.5 Polar Regions whose Radius Varies with Angle

Example 16.5.1 Find the volume under f(z,y) = z +y+ 1 and inside the region bounded
by the first quadrant and the spiral » =3 — 6.

Figure 16.5.1: volume under

f(z,y) = x4+ y + 1 and inside the region
bounded by the first quadrant and the
spiral r =3 — 0

View in Geogebra:
https://www.geogebra.org/3d /ppgdnr7j
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