TAYLOR & MACLAURIN SERIES
MTH 253 LECTURE NOTES

Exploration:

If f can be represented by a power series centered at a, then

f/// (:I;) —

Evaluate each of the previous functions at a:

f"(a) =
f"(a) =

And so we can conclude

Ch =
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| Theorem i

If we can write f(x icn (x —a)" with |x — a| < R, then ¢, = f(L'(a)‘ Thus,
n=0 n.
> fM) (g
f) =3 D gy
n=0 ’
:f(a)+ fll(!a)<x_a)_‘_ fl;(!a)(l’—a)2—|—%@(%—G)‘g—i—“-

ﬂ Definition i

The series representation of f(x) given by Z cn(x — a)" is called the Taylor series

n=0
for f at a.

ﬂ Definition i

The Taylor series for f at 0 is called the Maclaurin series for f. Thus,
_~ f7(0)
)= TLZ:O n!

= f(0) + fll(!o)x + f”2(!0)x2 + —f/;(!o)x?’ +

is the Maclaurin series for f.

Example 1.
Find the Maclaurin series for f(z) = e* and its radius of convergence.
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n

o0
" T
Note : Since — converges, it must be the case that lim — = 0.
n! & n—oo N
n=0 ’

| Definition |

The polynomial

") |
70 =Y T - a

]

f/a f//a 9 f///a 3
= f(a) + 1(!>(3:—a)—|— 2(')(:15—@) +%(az—a) +-

is called the nth-degree Taylor polynomial for f at a.

Note : A Taylor polynomial of degree n is a partial sum of the Taylor series.

Example 2. Find the first, second, and third-degree Taylor polynomials for f(z) = e* at 0.

Exercise 1. Let f(x) =sinz

(a) Find a Maclaurin series for f(z).
(b) Find the radius of convergence of the Maclaurin series you found in part.
(c) Find the 5th degree Taylor polynomial for f(x) at 0.
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Example 3. Find the Taylor series for f(z) = e” at a = 10.

Table of Known Maclaurin Series

Function | Maclaurin Series Radius of
Convergence
1 o0
x - " 1 x x? x3 R—
g ;H =1t tg o |[R=oo
) 0 (_1)nx2n+1 B IS [)35 5(77 -
e Couinr Sty ot R
9 (_1)711,277, B .’13'2 .1'4 {136 -
CoS T ZOW _1_§+Z_a+... R = oo

Example 4. Evaluate / e dr as an infinite series.

PCC Math Page 4 of 6



MTH 253 Taylor & Maclaurin Series

Example 5. Find the Maclaurin series for f(z) = (1 + z)?, where p € R. Then find its
interval of convergence.

ﬂ Definition i

A binomial coefficient is defined as

(p) _pp=1p=2)---(p=(n-1)

n n!

and is read as ”"p choose n” due to its applications in probability.
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ﬂ Definition i

If p€ R and |z] < 1, then the Binomial Series for (1 4 z)? is

. —1 ~1(p-2) .
A+ar=%" (i)xnzlwﬂp(pw ) 2, P 3)|(p ) 8 4
n=0 ' :

Exercise 2. Find the Maclaurin series for f(x) = y/1 4+ z and find its interval of convergence.

Example 6. Find the Maclaurin series for f(x) = v/2+ 2 and find its interval of conver-
gence.
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