
MTH 255 Notes

254 Prerequisite Topics

254.1 Vector Functions

Given a vector function r(t) = ⟨f(t), g(t), h(t)⟩,

r(t) = ⟨f(t), g(t), h(t)⟩
r′(t) = ⟨f ′(t), g′(t), h′(t)⟩∫ b

a

r(t) dt =

〈∫ b

a

f(t) dt,

∫ b

a

g(t) dt,

∫ b

a

h(t) dt

〉
T(t) =

r′(t)

|r′(t)|

κ = |dT
ds

|

=
|T′(t)|
|r′(t)|

=
|r′(t)× r′′(t)|

|r′(t)|3

N(t) =
T′(t)

|T′(t)|

Example 1. Find the curvature of r(t) = ⟨t2, ln t, t ln t⟩ at the point (1, 0, 0). What does
this number represent?
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254.2 Differentiable Multivariable Functions

Given a differentiable multivariable function f(x, y, z),

fx(x, y, z) = fx =
∂f

∂x

fy(x, y, z) = fy =
∂f

∂y

fz(x, y, z) = fz =
∂f

∂z
∇f = ⟨fx, fy, fz⟩

fxx(x, y, z) = fxx =
∂

∂x

(
∂f

∂x

)
= (fx)x

fxy(x, y, z) = fxy =
∂

∂y

(
∂f

∂x

)
= (fx)y

A level surface of f is a surface whose equation is f(x, y, z) = k, where k ∈ R.

Given a multivariable function g(x, y), the graph of g is a surface. Call this surface S.
Suppose z = g(x, y). Then

The tangent plane to S at a point P (x0, y0, z0) is

z − z0 = fx(x0, y0)(x− x0) + fy(x0, y0)(y − y0)

Example 2. Find an equation for the tangent plane to cos2 x + sin2 y + ez ln z = 1 at the
point (1, 1, 1).
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254.3 Double Integrals

Suppose f is integrable on its domain.

• If R is the Cartesian rectangle [a, b] × [c × d] = {(x, y) ∈ R2 | a ≤ x ≤ b, c ≤ y ≤ d},
then x

R

f(x, y) dA =

∫ b

a

∫ d

c

f(x, y) dy dx

• If R is the polar rectangle [a, b]× [α, β] = {(r, θ) | a ≤ r ≤ b, α ≤ θ ≤ β}, then

x

R

f(x, y) dA =

∫ b

a

∫ β

α

f(r cos θ, r sin θ)r dr dθ

• Fubini’s Theorem: If f is continuous on the rectangle R = [a, b]× [c× d], then

x

R

f(x, y) dA =

∫ b

a

∫ d

c

f(x, y) dy dx =

∫ d

c

∫ b

a

f(x, y) dx dy

Example 3. Find the volume of the solid that lies above the quarter-annulus depicted below
and beneath the plane z = x+ y.

x

y

|
2

|
4

−2

−4

D
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